In this paper, we propose a numerical scheme for a system of two linear singularly perturbed parabolic convection-diffusion equations. The presented numerical scheme consists of a classical backward-Euler scheme on a uniform mesh for the time discretization and an upwind finite difference scheme on an arbitrary nonuniform mesh for the spatial discretization. Then, for the time semidiscretization scheme, an a priori and an a posteriori error estimations in the maximum norm are obtained. It should be pointed out that the a posteriori error bound is suitable to design an adaptive algorithm, which is used to generate an adaptive spatial grid. It is proved that the method converges uniformly in the discrete maximum norm with first-order time and spatial accuracy, respectively, for the fully discrete scheme. At last, some numerical results are given to validate the theoretical results.
Introduction
In this paper, we consider the following system of two linear singularly perturbed parabolic convection-diffusion equations: 
where Here, 0 < ε 1 , ε 2 1 are two small parameters, and f(x, t) = (f 1 (x, t), f 2 (x, t)) T . In addition,
we will assume that the data satisfies
with some constants α i (i = 1, 2), and there exists a constant β such that
It is well known that the exact solution of problem (1) has a multi-scale character. That is to say, there are thin layer(s) where the solution changes very rapidly, while away from the layer(s) the solution varies slowly. Therefore, to obtain a reliable numerical solution for any values of the diffusion parameters ε 1 and ε 2 , some special precautions, like layeradapted meshes or adaptive meshes, are necessary to resolve these layers and achieve high accuracy no matter how small the diffusion parameters ε 1 and ε 2 are. If A ≡ 0, the above problem (1) becomes a system of singularly perturbed parabolic reaction-diffusion equations. For these problems, some robust convergence numerical approaches on layer-adapted meshes are available in the literature, e.g., Shishkina and Shishkin [1, 2] , Gracia et al. [3] [4] [5] [6] , Franklin et al. [7] .
If A ≡ 0, the above problem (1) is said to be a system of singularly perturbed parabolic convection-diffusion equations. Furthermore, when A is a diagonal matrix, problem (1) is said to be a weakly coupled system (i.e., coupled only through their reaction terms). Otherwise, problem (1) is called to be a strongly coupled system. As far as we know, systems of convection-diffusion equations are more delicate to handle, especially for the timedependent convection-diffusion systems. Consequently, some researchers paid attention to the layer adapted mesh methods for some weakly coupled singularly perturbed secondorder ordinary differential equation systems of convection-diffusion type; see [8] [9] [10] [11] [12] and the references therein. Recently, in [13] [14] [15] , the authors considered some special strongly coupled system of singularly perturbed convection-diffusion problems and constructed some corresponding layer-adapted mesh approaches. Very recently, Rao and Srivastava [16] constructed a parameter uniform numerical method for a weakly coupled linear system of singularly perturbed parabolic convection-diffusion equations. As far as we know, the layer-adapted mesh approach requires a priori information about the location and width of the boundary layer. Therefore, it is very necessary to provide an adaptive moving grid approach which only uses little or no a priori information to solve a coupled system of singularly perturbed convection-diffusion problems.
In order to serve this purpose, Linß [17] constructed an adaptive moving grid method to solve a strongly coupled system of singularly perturbed second-order two-point boundary problems. However, he did not give the optimal uniform convergence analysis. For this reason, Liu and Chen [18] also developed an adaptive moving grid approach for a weakly coupled singularly perturbed system. They not only constructed a simple mesh monitor function, but also proved the uniform convergence of the presented numerical method. Furthermore, Liu and Chen [19] constructed an adaptive moving grid method for a special strongly coupled system of two singularly perturbed convection-diffusion problems and obtained an a posteriori error estimation in maximum norm.
In this paper, we will use some techniques developed in [18] to devise a uniformly convergent numerical scheme for (1) under the restriction that A is a diagonal matrix, which is also first-order accurate both in time and space direction. It should be pointed out that our adaptive grid method need not require any a priori information about the location and width of the boundary layer. Moreover, the monitor function presented in this paper is similar to arc length function which is easy to design a mesh generation algorithm.
Notations: Throughout this paper we use C, sometimes subscripted, to denote a generic positive constant that is independent of all perturbation parameters ε i , i = 1, 2, and mesh parameters N , M. It may take different values in different places.
In our estimates, we use the L ∞ norm and the negative norm given, respectively, by
is a real-valued function. Define the discrete maximum norm for such functions by
The time semidiscretization
In this section, we mainly construct the time semidiscretization scheme which is important for the convergence analysis of the fully discrete scheme.
The semidiscrete scheme in time
First, we divide the time domain [0, T] into M equidistant meshes with uniform time step t such that
where M denotes the number of mesh intervals in the time direction. Then, by using the backward Euler formula, we can obtain the following time semidiscrete scheme:
where
T is the semidiscrete numerical solution to the exact solution u(x, t) = (u 1 (x, t), u 2 (x, t)) T of the continuous problem (1) at time level t n = n t.
Convergence analysis
In the following, to analyze the uniform convergence of the solution u n (x) of (4) to the exact solution u(x, t n ) of (1), the maximum principle for equations (4) is established. Then, using this principle, a stability result is derived. 
Theorem 2.1 (Maximum principle) Assume that
On the other hand, note that p = 0, 1 and
which contradicts the hypothesis of the theorem.
It follows from the above Theorem 2.1 that we can obtain the following Lemma 2.1 (one can see the proof of Lemma 2.2 in [20] ).
Lemma 2.1 If u
n+1 (x) is a solution of problem (4), then we have
Lemma 2.2 Let u be the solution of (1) . Then there exists a constant C, independent of ε 1 and ε 2 , such that
Proof The proof is similar to Lemma 3 of [16] .
2 (x)) T be the solution obtained after one step of the semidiscrete scheme (4) by taking the exact solution u(x, t n ) instead of u n (x) as the starting data.
Then we have
be the local error of the time semi-discrete scheme (6) . Then we obtain
Proof It follows from (6) that the function vector u n+1 (x) satisfies
and as the solution u(x, t) is smooth enough, it holds
Then, from (8)- (9), we obtain
Therefore, the result of this lemma can be obtained by Lemmas 2.1 and 2.2.
Finally, based on the above Theorem 2.1, Lemmas 2.1, 2.2, and 2.3, we can obtain the following convergence result.
Theorem 2.2 Under the hypotheses of Lemmas 2.2 and 2.3, we obtain
Thus, scheme (4) is uniformly convergent of first order.
3 The spatial discretization and adaptive spatial grid algorithm 3.1 The upwind finite difference scheme Firstly, for each time level t n = n t, we construct an arbitrary nonuniform spatial mesh Ω n x as follows: 
Finally, on Ω n x , the upwind finite difference spatial discretization of (4) takes the form (11) where
). Let I be a unit matrix of order two, then scheme (11) can be expanded in the form
Adaptive spatial grid algorithm
It is well known that a common approach to construct an adaptive grid is the use of a positive monitor function M(x) and the mesh equidistribution principle. That is to say, a grid {x i } N i=0 is chosen to satisfy the following equations:
In the literature, for a single singularly perturbed differential equation, a simple monitor function is the arc-length function M(x) = 1 + [u (x)] 2 or its discrete analogue [21] [22] [23] [24] [25] [26] , where u(x) is the exact solution of the singularly perturbed problem. Recently, Liu and Chen [18] presented an adaptive grid method to solve a weakly coupled system of two singularly perturbed convection-diffusion equations, in which they developed a monitor function as follows:
where U j (x) is the piecewise linear interpolant function passing through knots (x i , U j,i ), j = 1, 2, i = 0, 1, . . . , N . Here, in this paper, similar to (14), we choose the following monitor function:
In practical computation, the above monitor function (15) may be changed into the following discrete form:
Therefore, to obtain an adaptive equidistribution grid and the corresponding numerical solution, we construct the following iteration algorithm:
Step 1. Let n = 1.
Step 2.
. . , N} be the initial uniform spatial mesh for n = 1, otherwise, choose {x n-1 i } for the initial mesh.
Step 3. Compute the discrete solution {U
be the max arc-length between the points (x 
Step 4. Test mesh: Let C 0 > 1 be a given constant. If the stopping criterion
holds true, then go to Step 7. Otherwise, continue to Step 5.
Step 5. Generate a new mesh by equidistributing monitor function (16): Choose points
N , where i = 1, . . . , N .
Step 6. Let k = k + 1 and go to Step 3.
Step 7. Choose {x
} as the final mesh {x
Step 8. Let n = n + 1, return to Step 2.
Step 9. If n = M, go to Step 10.
Step 10. Stop. U n j,i is the numerical solution, grid for each time level given by {x n i }.
Error analysis

Preliminary results
For the time semi-discretization scheme (6), the maximum principle implies u n+1 (x) ∞ ≤ C. Now, we consider the following auxiliary boundary value problem:
whose solution is given by
From L x,ε u(x, t n ) ∞ ≤ C and the maximum principle, we can obtain
and using Lemma 3.1 of [18] , we obtain the following stability result. 
In addition, the simple upwind finite difference scheme of (18) can be written into the following matrix form:
T is the approximation solution of u n+1 (x n+1 i ). Furthermore, from Lemma 4.1, we can obtain the following result. 
A priori error analysis
Based on Corollary 4.1, we get the following a priori error estimation. 
Proof It follows from Theorem 5 of [17] that
which completes the proof of this lemma.
Lemma 4.3 Let
u n+1 (x) = ( u n+1 1 (x), u n+1
(x)) T be the solution of problem (18). Then there exists a constant C such that, for all x
where α = min(α 1 , α 2 ) > 0.
Proof Using the results given in Lemmas 3-4 of [8] , we can obtain the desired results.
Based on the above Lemmas 4.2 and 4.3, we can obtain the following convergence result.
Theorem 4.1 For a fixed t n+1 ∈ (0, T], let u n+1 (x) be the solution of (18), U n+1 i be the solution of (20) on a suitable mesh. Then we have
Proof At first, from Lemma 4.3, we have
Similarly, we have
Therefore, for each u n+1 j (x), j = 1, 2, it follows from (28)-(29) that
Assume that a mesh {x
is constructed such that
for i = 1, . . . , N . Finally, the desired estimate (27) follows from Lemma 4.2, (30) and (31).
Remark 1 Theorem 4.1 gives the optimal first-order convergence of the upwind finite difference scheme uniformly in the perturbation parameters ε i (i = 1, 2). However, it is hard to obtain the adaptive mesh {x
by using mesh equidistribution formula (31) since this requires the prior information about the exact solution. Thus, in practical computation, we often utilize an a posteriori error estimation and the corresponding monitor function to design a mesh generation algorithm.
A posteriori error analysis
Based on the above Lemma 4.1, we can obtain an a posteriori error estimation for the numerical scheme (20) at time level t n+1 = (n + 1) t. 
Proof From the proof of Theorems 3 and 6 in [17] , an easy derivation gives
It is clear that
From (33)- (34), we can complete the proof of this theorem.
Furthermore, similar to Theorem 4.1 of [18] , we obtain the following result. be the solution of discrete system (20) . Then we have the following bounds:
At last, we give the ε-uniform convergence of the fully discrete scheme (11) on the adaptive mesh produced by equidistributing the monitor function (16). u(x, t) be the exact solution of (1), and {U n i } be the discrete solution of the fully discrete scheme (11) at time level t = n t. Assume that N -q ≤ C t with 0 < q < 1.
Theorem 4.4 Let
Then the error associated to the fully discrete scheme (11) at time level t n satisfies
Proof The proof is similar to Theorem 4.7 of [27] .
Numerical examples and discussion
In this section, we show the numerical results of two examples to verify the theoretical results. For comparison purposes, we use the presented full discretization scheme (11) on the piecewise-uniform Shishkin mesh, which is constructed as follows. We define the transition parameters τ ε 1 and τ ε 2 as
where we assume that the perturbation parameters ε 1 , ε 2 satisfy 0 < For all the numerical experiments below, we will fix C 0 = 1.2, which is defined in (17) . Furthermore, we begin with N = 32 and t = 0.05, and we multiply N by two and divide t by two. As the exact solution of the following two examples are known, for each ε 1 and ε 2 , the maximum pointwise error is given by
where u(x n i , t n ) and U n i respectively indicate the exact and the numerical solution at x i and t n = n t. From these values, we compute the corresponding order of convergence by
Example 5.1 Consider the following constant coefficient problem:
with the initial boundary value conditions
We choose the source functions f 1 (x, t) and f 2 (x, t) to fit with the exact solution
For different ε 1 and ε 2 , the maximum pointwise errors E show the existence of the boundary layer near x = 1. Furthermore, the maximum pointwise errors are plotted in log-log scale in Fig. 4 , which reflect the fact of first-order convergence independent of ε 1 and ε 2 . Finally, in order to illustrate the advantage of our presented adaptive grid method, we have also compared the numerical results using adaptive grid to the numerical results of the Shishkin mesh, which is shown in Table 5 for Example 5.1. Here, to obtain the computational results of Shishkin mesh, we choose α = 1. Obviously, one can see from Table 5 that the maximum errors and the corresponding convergence orders calculated on our presented adaptive grid are lower than those calculated by using Shishkin mesh.
Example 5.2 Consider the following variable coefficient problem:
For different values of ε 1 and ε 2 , the maximum pointwise errors E N,M ε 1 ,ε 2 for Example 5.2 are given in Tables 6 and 8 Tables 7 and 9 , respectively. Again, to illustrate the characteristic of our adaptive grid approach, the grid movement of the algorithm for Example 5.2 with N = 32, M = 20, ε 1 = 10 -2 , and ε 2 = 10 -4 is shown in Fig. 8 , which shows that the order of convergence of our adaptive grid method is first-order. Similarly, Table 10 also gives the maximum errors and the corresponding convergence orders obtained using the adaptive mesh approach, while we also list the results computed on Shishkin mesh, where we choose α = 1. It is shown from these results that the adaptive mesh method produces better results than those produced by using the Shishkin mesh. In summary, the adaptive grid method is quite successful for solving a system of singularly perturbed parabolic convection-diffusion equations. 
Concluding
In this paper, we have discussed an adaptive grid method for a coupled system of two singularly perturbed parabolic convection-diffusion equations. We first apply the backwardEuler scheme to discretize problem (1) with respect to time derivative and the upwind finite difference scheme on an arbitrary nonuniform mesh to approximate the spatial derivative. Then, at each time level t n = n t, a positive monitor function given in (16) is used to design an adaptive grid generation algorithm. An a posteriori error estimate for the proposed numerical scheme is obtained. We also establish that the presented adaptive grid approach is of first-order rate of convergence in both the spatial and temporal variables. Finally, some numerical results are conducted to support the theoretical results and also, to demonstrate the effectiveness of the adaptive spatial grid obtained by the above mesh generation algorithm. 
